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Effects of polarizability and hyperpolarizability on molecular spatial
alignment in intense light fields
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Abstract

Considering the influences of polarizability and hyperpolarizability on molecular spatial alignment, we newly deduce the classical equation of
molecular motion for the internuclear distance r and for the angle θ between molecular axis and laser polarization direction in intense light fields.
Numerical simulations of molecular dynamic alignment are performed and discussed at intensities of 1015–1017 W/cm2 and pulse durations of 100 fs
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nd shorter than 100 fs. In our calculation, N2 and Cl2 molecules are selected as sample because they can represent the light molecule and heavy
olecule, respectively. Our computational results show that the contributions of the molecular polarizability and hyperpolarizability to the degree

f dynamic alignment all become strong when the laser intensity increases and the pulse duration narrows. And the role of hyperpolarizability on
olecular dynamic alignment becomes comparable to that of linear polarizability term, even exceeds it in the conditions of high laser intensity and

hort pulse length. The characteristics of molecular angular distribution with only considering the effect of polarizability, second hyperpolarizability,
nd higher-order correction term of the hyperpolarizability, respectively, are very different. Their contributions to molecular dynamic alignment
re systematically calculated and discussed in different laser intensities and pulse durations.
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. Introduction

The interaction of molecules with strong, non-resonant fem-
osecond laser pulses has been investigated in the last decade.

any fundamental physical processes have been understood
y means of a variety of experimental techniques and theo-
etical methods [1–5]. Particularly, laser-induced spatial align-
ent is a great interesting project because of its potential

pplications [6,7]. The molecular spatial alignment in intense
emtosecond laser fields has alternatively been explained in
erms of geometric alignment and dynamic alignment mech-
nisms [8,9]. The contributions of dynamic alignment to the
bserved anisotropic angular distribution of fragmental ions

∗ Corresponding author. Tel.: +86 591 22686078; fax: +86 591 83456462.
E-mail address: chenjianxin@fjnu.edu.cn (J. Chen).

base on molecular rotation and reorientation because the laser-
induced dipole moments exert sufficiently strong torques on
the molecular axis. For the majority of theoretical models, a
description by solving numerically the classical equations of
molecular motion for the internuclear distance r and for the
angle θ between molecular axis and laser polarization direc-
tion is usually used to understand molecular dynamic alignment.
At present, this model only considers the role of the molecu-
lar polarizability on the laser-induced alignment dynamics but
neglects the effect of molecular hyperpolarizability [10–16].
Recently, the infra-red femtosecond lasers at intensities of above
5 × 1015 W/cm2 or shorter than 100 fs pulse duration are used
to experimentally study laser-induced alignment in molecular
Coulomb explosion [12,17–21]. So, accounting for the influ-
ence of molecular hyperpolarizability on spatial alignment is
necessary.

In this paper, we simultaneously consider the effects of polar-
izability and hyperpolarizability on molecular spatial alignment
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and newly deduce the equation of motion for θ between the
molecular axis and electric field vector. Numerical simulations
of molecular dynamic alignment are performed and discussed
at intensities of 1015–1017 W/cm2 and pulse durations of 100 fs
and shorter than 100 fs. Our studies focus on N2 and Cl2
molecules because they can represent the light molecule and
heavy molecule, respectively.

2. Numerical method

For N2 and Cl2 molecules, their permanent dipole moment
and the first hyperpolarizability are zero because of the property
of the centrosymmetrical structure. The field-molecule interac-
tion potential is given by:

V (θ) = −�µ · �E(t) = − [E(t)]2

2
[α‖ cos2(θ) + α⊥ sin2(θ)]

− [E(t)]4

24
[γ‖ cos4(θ) + γ⊥ sin4(θ)] (1)

where θ is the angle between the molecular axis and the laser
field direction, E(t) is laser field strength, α‖ and α⊥ are the
polarizability components parallel to and perpendicular to the
molecular bond, and γ‖ and γ⊥ are the parallel and perpendicu-
lar components of the second hyperpolarizability tensor. In this
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be obtained:

θ̈ = ϕ̇2 sin(2θ)

2
− 2ṙ(t)θ̇

r(t)
− αeff[E0(t)]2sin(2θ)

4M[r(t)]2

− [E0(t)]4sin(2θ)

32M[r(t)]2 [γ‖ cos2(θ) − γ⊥ sin2(θ)]

− 1

M[r(t)]2

{
αeff[E0(t)]2

4
− [E0(t)]4

24
[γ⊥ sin2(θ)

− γ‖ cos2(θ)]

}
sin(2θ)cos(2ωt) − 1

M[r(t)]2

[E0(t)]4

96

× [γ‖ cos2(θ) − γ⊥ sin2(θ)]sin(2θ)cos(4ωt) (2)

When the laser frequency is much larger than the rotational
frequency of molecules, which is in the high-frequency off-
resonance regime, the right hand side of Eq. (2) can be classified
into two terms: the time-dependent term θ̈1 and the other rapidly
oscillating time-dependent term θ̈2.

θ̈1 = ϕ̇2 sin(2θ)

2
− 2ṙ(t)θ̇

r(t)
− αeff[E0(t)]2sin(2θ)

4M[r(t)]2

− [E0(t)]4sin(2θ)

32M[r(t)]2 [γ‖ cos2(θ) − γ⊥ sin2(θ)],
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aper, we use the ground-state polarizability and hyperpolariz-
bility of a neutral molecule but neglect other uncertainties of
olarizability and hyperpolarizability.

In our deductions and calculations, the laser pulses
re defined as Gaussian distribution: E(t) = E exp(−t2/2τ2)
os(ωt) = E0(t)cos(ωt). Than the Lagrangian function L = T − V
s written as

= T − V = 1

2
M[ṙ(t)]2 + M[r(t)]2

2
[θ̇2 + sin2 θϕ̇2]

+ [E0(t)]2[cos(ωt)]2

2
[α‖ cos2(θ) + α⊥ sin2(θ)]

+ [E0(t)]4[cos(ωt)]4

24
[γ‖ cos4(θ) + γ⊥ sin4(θ)]

ith M the reduced mass of molecule and ϕ the azimuthal angle.
o we can obtain the expression of (d/dt)(∂L/∂θ̇) and ∂L/∂θ.

d

dt

(
∂L

∂θ̇

)
= 2Mr(t)ṙ(t)θ̇ + M[r(t)]2θ̈,

∂L

∂θ
= M[r(t)]2ϕ̇2 sin(θ)cos(θ) − [E0(t)]2

2
αeff sin(2θ)

×
[

1 + cos(2ωt)

2

]
− [E0(t)]4

24
[γ‖ cos2(θ)

− γ⊥ sin2(θ)]sin(2θ)

[
3

4
+ cos(2ωt) + 1

4
cos(4ωt)

]

eff = α‖ − �⊥ represents the anisotropy of the polarizability.
ccording to Lagrange equation, the motion equation for θ can
θ̈2 = − 1

M[r(t)]2

{
αeff[E0(t)]2

4
− [E0(t)]4

24
[γ⊥ sin2(θ)

−γ‖ cos2(θ)]

}
sin(2θ)cos(2ωt) − 1

M[r(t)]2

[E0(t)]4

96

× [γ‖ cos2(θ) − γ⊥ sin2(θ)]sin(2θ)cos(4ωt) (3)

According to Eq. (3), the average kinetic energy of the oscil-
atory motion over optical cycle is

M[r(t)]2

2
θ̇2

2 = 1

16M[r(t)]2ω2

{
α2

eff [E0(t)]4sin2(2θ)

16

+ [E0(t)]8sin2(2θ)

242 [γ⊥ sin2(θ) − γ‖ cos2(θ)]
2

− αeff [E0(t)]6sin2(2θ)

48
[γ⊥ sin2(θ) − γ‖ cos2(θ)]

}

+ [E0(t)]8sin2(2θ)

4 × 3842M[r(t)]2ω2
[γ⊥ sin2(θ) − γ‖ cos2(θ)]

2

Then the motion equation for θ can be obtained in terms
f an effective force field derived from the sum of a time-
ependent potential V(θ) (due to the time-dependent term θ̈1)
nd the time-averaged kinetic energy (due to the rapidly oscil-
ating time-dependent term θ̈2)

θ̈ = −d(V (θ) + (I/2)θ̇2
2)

dθ
= Iθ̈1 − I

2

dθ̇2
2

dθ
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We finally obtain the motion equation for θ

θ̈ = −2ṙ(t)θ̇

r(t)
− αeff

4M[r(t)]2 × sin(2θ)[E0(t)]

− 1

32M[r(t)]2 [γ‖ cos2(θ) − γ⊥ sin2(θ)] × sin(2θ)[E0(t)]4

−
{

[αeff]2cos(2θ)

64{M[r(t)]2ω}2

}
sin(2θ)[E0(t)]4

− αeff

768{M[r(t)]2ω}2 [(4 cos 2θ cos2 θ − sin2 2θ)γ‖

− (4 cos 2θ sin2 θ + sin2 2θ)γ⊥]}sin(2θ)[E0(t)]6

−
{

1

2
×
(

1

{48M[r(t)]2ω}2 + 1

{384M[r(t)]2ω}2

)

× [γ⊥ sin2(θ) − γ|| cos2(θ)] × [(2 cos 2θ sin2 θ

+ sin2 2θ)γ⊥ − (sin2 2θ − 2 cos 2θ cos2 θ)γ‖]

}

× sin(2θ)[E0(t)]8 ≡ −2ṙ(t)θ̇

r(t)
− A − B − C − D − E

(4)
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clear distance larger than the equilibrium internuclear distance.
[27,28]. The molecular Coulomb explosion undergoes two steps
according to these two models. The first step is that the neutral
molecules are ionized and the resulting molecular ions align
along the laser polarization direction. Once the molecule is ion-
ized beyond the first stage, the two nuclei mutually repel due to
the Coulomb force. Then additional electrons are lost rapidly
when the internuclear distance elongates to the critical dis-
tance. In our calculations, the damping term 2ṙ(t)θ̇/r(t)in Eq. (4)
begins to play a role for the molecular alignment when the neu-
tral molecule is ionized. As the internuclear distance extends to
the critical distance, we think that the repulsion between the two
nuclei vanishes. That means that the molecule does not survive
and the dynamic rotation of molecules arose from the interac-
tion of induced dipole moments and laser field is over at this
moment.

The time evolution of the angle for a given initial angle θ0 can
be described by solving numerically Eq. (4) using a fourth-order
Runge–Kutta algorithm. So we develop a counting approach to
describe molecular spatial angular distribution. A corresponding
series of final angles are calculated through solving numerically
for a series of initial angles θ0. Thus, the angular distribution of
molecules at a particular instant is obtained through counting a
series of final angles.

3. Results and discussion
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In Eq. (4), we have taken ϕ̇ = 0 because the molecule-laser
nteraction is independent of the azimuthal angle ϕ. And the
arameters A–E in the right hand side of Eq. (4) are introduced
or the future convenience. These terms can cause molecu-
ar reorientation. They based on molecular polarizability and
yperpolarizability. In this paper, we mainly investigate the con-
ributions of these terms to the molecular alignment at different
aser intensities and pulse lengths. The parameters used, which
omprise the polarizability, the second hyperpolarizability of
2 and Cl2 molecules, are originated from the computational

esults of Maroulis and Archibong [22,23]. (2ṙ(t)θ̇/r(t)) is the
amping term that blocks molecular rotation, which derived
rom the increasing of internuclear distance during the process
f molecular Coulomb explosion and multielectron dissociative
onization. The motion equation for internuclear distance r(t)
an be written as:

¨(t) = Q1Q2

M[r(t)]2

Q1 and Q2 are the charges of the two ions, respectively. In the
ollowing calculations, we consider the situation of Q1 = Q2 = 1.

Experiments have proved that the ratio of measured kinetic
nergy of fragmental ions and Coulomb explosion energy is
bout 45% for N2, CO, and O2 molecules but about 70% for
l2 and I2 molecules [24–26] (this is also why we select N2
nd Cl2 molecules as sample in our calculations). The two-step
oulomb explosion model and the field ionization Coulomb
xplosion model described clearly this process from theoreti-
al point of view. These two models indicated that the Coulomb
xplosion and multielectron dissociative ionization of molecules
n intense femtosecond laser fields occurs at a critical internu-
Fig. 1 presents the angular distribution of N2 molecule at
ntensities of 1015–1017 W/cm2 and pulse durations of 100 and
0 fs. The laser wavelength is 800 nm. The black, red green,
lue and magenta curves of each figure represent the degree
f molecular alignment when only considering A–E terms in
he right hand side of Eq. (4), respectively. It can be seen that
o significant reorientation of N2 molecule occurs with only
onsidering C–E terms when laser intensity varies from 1015

o 1017 W/cm2 with 100 and 20 fs pulse durations. These three
erms have the same characteristics, which are inversely pro-
ortional to the square of laser frequency. In our calculations,
aser frequency is 2.356 × 1015/s (corresponding to laser wave-
ength of 800 nm). This makes the value of C–E terms become
mall. And C–E terms are also tightly related to laser intensity,
he angle θ, molecular polarizability and hyperpolarizability. In
act, these three terms can be as the higher-order correction terms
f contributions of the polarizability and hyperpolarizability to
olecular alignment according to the deduced process of Eq.

4). For N2 molecule, our computational results indicate that
he contributions of higher-order correction terms to molecular
lignment can be neglected in conditions of 800 nm laser wave-
ength and 20 fs (or 100 fs) pulse width for the laser intensity
ange of 1015–1017 W/cm2.

From Fig. 1, we can obtain that molecular rotation and reori-
ntation due to the second hyperpolarizability (corresponding
o the B term) will become comparable to that due to the A
erm (corresponding to the polarizability) at an intensity of
017 W/cm2 with 100 fs pulse length. As for 20 fs pulse dura-
ion, the contribution of the second hyperpolarizability (corre-
ponding to the B term) to molecular alignment has exceeded
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Fig. 1. Angular distributions of N2 molecule at different intensities: 1015, 1016, and 1017 W/cm2 with 20 and 100 fs pulse durations. The laser wavelength is 800 nm.
The black, red green, blue and magenta curves of each figure represent the degree of molecular alignment when only considering A–E terms in the right hand side
of Eq. (4), respectively (for interpretation of the references to colour in this figure legend, the reader is referred to the web version of the article).

that of the polarizability term at an intensity of 1016 W/cm2.
This indicates that the second hyperpolarizability term plays an
important role for the degree of alignment when the femtosecond
laser with short pulse length and high laser intensity irradi-
ates the molecule. In the conditions of different laser pulses,
the dependences of molecular dynamic alignment due to the
polarizability term on laser intensities show apparently different
characteristics. For 100 fs pulse duration, the full-width at half
maxima (FWHMs) of angular distribution of N2 molecule are
44.8◦ ± 0.9◦, 87.9◦ ± 2.4◦, 63.5◦ ± 0.7◦ at intensities of 1015,
1016 and 1017 W/cm2, respectively. As for 20 fs pulse length,

the angular distribution narrows with the increasing of laser
intensity. The FWHMs of angular distribution decrease from
84.3◦ ± 2.6◦ with laser intensity of 1015 W/cm2 to 22.4◦ ± 0.8◦
with laser intensity of 1017 W/cm2. According to the expres-
sion of polarizability term in Eq. (4), we can find answer. The
angular acceleration of molecular rotation with only consider-
ing the polarizability depends quadratically on laser intensity.
The increasing of laser intensity results in the strong torque
exerted on the molecule. However, the time of molecular align-
ment becomes short. The effects of these two factors on dynamic
alignment compete with each other during the process of the
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Fig. 2. Angular distribution of Cl2 molecule at different intensities: 1015, 1016, and 1017 W/cm2 with 50 and 100 fs pulse durations. The laser wavelength is 800 nm.
The black, red green, blue and magenta curves of each figure represent the degree of molecular alignment when only considering A–E terms in the right hand side
of Eq. (4), respectively (for interpretation of the references to colour in this figure legend, the reader is referred to the web version of the article).

molecular alignment. When the effect of the increasing torque on
molecular alignment exceeds that of the shorten time of dynamic
alignment, the angular distribution narrows with the increasing
of laser intensity. From Fig. 1, we can obtain that the contri-
bution of the molecular polarizability to the degree of dynamic
alignment becomes strong in intense laser field with short pulse
duration.

In numerical calculations of Cl2 molecule, we choose the
pulse widths of 50 and 100 fs instead of 20 and 100 fs because
the molecule with the large reduced mass undergoes a long time
to align before the two nuclei separate completely [14,16]. The
angular distributions of Cl2 molecule for different values of laser

intensities and different pulse durations are presented in Fig. 2.
It can be seen that contributions of the higher-order correction
terms (C–E terms) of the polarizability and hyperpolarizability
to molecular alignment may be negligible except for the con-
dition of 50 fs pulse length and 1017 W/cm2 laser intensity. For
either 100 or 50 fs laser pulses, the FWHMs of angular distri-
bution only due to the polarizability term become narrow with
the increasing of laser intensity. When laser intensity reaches
1017 W/cm2, the peak of molecular counts shifted away from
the laser polarization direction but is near the laser polarization
direction. The minimal value of molecular counts reaches zero,
which is different from that case of N2 molecule. The strong
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torque exerted on molecular axis is responsible for these vari-
ations. The torque generated by the laser field is sufficient to
make molecules firstly rotate to the laser polarization direction.
Then molecules oscillate around the laser polarization vector
with small amplitude. A part of the molecules overshoots the
laser polarization axis and cannot return to it before the two
nuclei completely separate. As a result, the peak of angular dis-
tribution will shift away from the laser polarization direction. For
the conditions of 100 fs and 50 fs pulse durations at the inten-
sity larger than 1016 W/cm2, molecular reorientation due to the
hyperpolarizability terms will become comparable to that due
to the polarizability. Especially in the condition of 50 fs pulse
length and 1017 W/cm2 laser intensity, although the contribution
of the second hyperpolarizability becomes little, the effect of its
higher-order correction terms (E term) on molecular alignment
becomes comparable to that of linear polarizability term.

From Figs. 1 and 2, we note that the characteristics of molec-
ular angular distribution with only considering the effect of
polarizability (A term), second hyperpolarizability (B term), and
higher-order correction term of the second hyperpolarizability
(E term), respectively, are very different. The polarizability-field

interaction makes the angular distributions of molecule have a
maximum along the polarization axis and a minimum perpen-
dicular to it. The role of the second hperpolarizability keeps
the molecular counts a maximum along the laser polarization
direction but a minimum at the position of angle of 45◦ between
the molecular axis and the polarization direction. And there is
the second maximum of molecular counts perpendicular to the
polarization axis. When only considering the higher-order cor-
rection term of the second hyperpolarizability (see Fig. 2 in
the condition of 50 fs pulse length and 1017 W/cm2 laser inten-
sity), the property of molecular dynamic alignment becomes
very complex. Eq. (4) has given the dependences of these three
terms on the angle θ. The time evolution of the different initial
angle in these three cases can well explain the results of numer-
ical simulation (as show as Fig. 3a–c). About 50 fs pulse length
and 1017 W/cm2 laser intensity are used in the calculations. It
can be seen that all the molecules firstly rotate to the direc-
tion of the laser polarization vector when only considering the
polarizability term. Then they oscillate around the polarization
axis with small amplitude. This makes molecules predominantly
align along the polarization direction of incident laser pulses.

F
c

ig. 3. Time evolution of the different initial angles for Cl2 molecule with only conside
orrection term of the second hyperpolarizability, respectively. 50 fs pulse length and
ring the polarizability, the second hyperpolarizability terms and the higher-order
1017 W/cm2 laser intensity are used in the calculations.
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While only taking into account the second hyperpolarizability
term, a part of molecules rotate to the laser polarization direction
and the other part rotate to the vertical direction of the laser field.
And they also oscillate around the laser polarization direction
or perpendicular to it with small amplitude. Fig. 3c presents the
molecules rotate the position of angle of near 0◦, 45◦and 90◦
due to the higher-order correction term of the second hyperpo-
larizability, respectively. This is consistent with the result that
the peaks of molecular counts located at the angle of near 0◦,
45◦and 90◦ while only taking into account the E term.

4. Conclusion

We have systematically calculated and discussed the influ-
ence of polarizability, hyperpolarizability and their high-order
correction terms on molecular spatial alignment at intensities of
1015–1017 W/cm2 and pulse durations of 100 fs and shorter than
100 fs. The polarizability-field interaction makes the angular
distributions of molecule have a maximum along the polariza-
tion axis and a minimum perpendicular to it. The role of the
second hyperpolarizability keeps the molecular counts a max-
imum along the laser polarization direction but a minimum at
the position of angle of 45◦ between the molecular axis and
the polarization direction. And there is the second maximum
of molecular counts perpendicular to the polarization axis. The
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of Patras and Fujian Provincial Key Laboratory of Photonic
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